There are suggestive experimental indications that the leptons, neutrinos, and quarks might be composite and that their structure is described by the quantum group SLq(2).
Introduction
There is suggestive experimental support for the view that the leptons, neutrinos, and quarks have a preonic substructure 1, 2 and that this substructure is described by the knot algebra SLq (2) . 3 In the SLq(2) model the preons are described by the fundamental representation, and the vector bosons, by which the preons interact, are described by the adjoint representation of SLq (2) . Denoting the elements of the irreducible representations by D j mm , the fundamental representation is denoted by j = 1 2 , and the adjoint representation by j = 1. In the same model, the elementary fermions of the standard model, i.e., the charged leptons, neutrinos, and quarks, lie in the j = field, which is, in this model, solely responsible for the preon-preon interaction. There are other candidates for the role of the binding force, but these are external to the knot model. 4 Since the composite preonic particles must be so small and the preons so heavy, however, it is possible that gravitational attraction would also play a significant role.
Representation of SLq(2)
The two-dimensional representation of SLq(2) may be defined as follows: 
The following two-dimensional matrix
is invariant under
where T t is T transposed, and
To obtain the higher representations of SLq (2), we transform the (2j + 1) monomials, 
where (a,b,c,d) satisfy the knot algebra, but x 1 and x 2 commute:
[x 1 , x 2 ] = 0. (2.8) 9) and
where
One finds
where the sum is over the positive integers (n a , n b , n c , n d ) subject to the δ-function constraints as shown.
Here A j mm (q, n a , n c ) =
and
We take q to be real.
The algebra (A) is invariant under the gauge transformations: We postulate a correspondence between quantum knots and oriented classical knots according to 2) where (N, w, r) are (the number of crossings, the writhe, and the rotation, respectively) of the 2d-projection of an oriented classical knot. Since the (N, w, r) are integers, the is needed to allow half-integer representations of SLq (2) . Since 2m and 2p are of the same parity, while w and r are topologically constrained to be of opposite parity, o is an odd integer that we set = 1 for a quantum trefoil. Equation (3.2) restricts the states of the quantum knot to only those states of the full 2j + 1 dimensional representations that correspond to the 2d-spectrum (N, w, r) of a corresponding oriented classical knot. The algebra (A) and the representation (2.13) make no references to orientation. By imposing (3.2) we are relating (2.13) to oriented knots. This turns out to be important for the physical interpretation.
The defining SLq (2) 
For physical consistency the field action is required to be invariant under Equation (3.3) since the U a (1) × U b (1) transformations do not change the defining algebra.
Then there will be the following Noether charges that may be described by (3.2) as writhe and rotation charges
We assume that k = k w = k r is a universal constant with the dimensions of an electric charge and with the same value for all trefoils.
The knot picture is more plausible if the simplest particles are the simplest knots.
We therefore consider the possibility that the most elementary fermions with isotopic
are the most elementary quantum knots, the quantum trefoils with N = 3.
This possibility is supported by the following empirical observation (t, −t 3 , −t 0 ) = 1 6 (N, w, r + 1), (3.6) which is satisfied by the four classes of elementary fermions described by ( 1 2 , t 3 , t 0 ) and the four quantum trefoils described by (3, w, r) and shown by the row-to-row correspondence in Table 3 .1. 
Only for the particular row-to-row correspondence shown in Table 3 .1 does (3.6) hold, i.e., each class of fermions (t 3 , t 0 ) is uniquely correlated with a specific (w, r)
trefoil, and therefore with a specific D 3 2 mm .
By (3.2) and (3.6) one also has
for the fermion quantum trefoils.
In the knot model quantum knots are jointly defined by the topological condition (3.2) and the empirical constraint (3.7). 
In Table 3 .2 we next compare the charges Q e of the observed fermions with the total charges of the quantum trefoils. To construct and interpret this table we have postulated that k = k w = k r is a universal constant with the same value for all trefoils.
We then obtain the value of k by requiring that the total charge, Q w + Q r , of each quantum trefoil satisfy
where Q e is the electric charge of the corresponding family of elementary fermions as shown in Table 3 .2.
and t 3 and t 0 measure the writhe and rotation charges:
Then by (3.8), (3.10), and (3.11), Q e = e(t 3 + t 0 ), (3.12) and by (3.10) and (3.11)
or Q e = − e 6 (w + r + 1). (3.14)
Then the electric charge is a measure of the total writhe + rotation, of the trefoil.
The total electric charge in this way resembles the total angular momentum as a sum of two parts where the localized contribution of the writhe to the charge corresponds to the localized contribution of the spin to the angular momentum.
We consider only quantum knots that carry the charge expressed as both (3.12) and (3.13).
The SLq(2) Extension of the Standard Model
One may give physical meaning to the defining expression (2.13) for D and its antiparticle, d, and there is one neutral particle, b, with its antiparticle, c.
By (3.2) the corresponding (a, b, c, d) classical configurations cannot be described as knots since they have only a single crossing. They can, however, be interpreted as twisted loops with w = ±1 and r = 0. We shall give a physical meaning to these twisted loops by interpreting them as flux tubes, and we shall regard a, b, c, d as creation operators for either preonic particles or preonic flux tubes, depending on whether they concentrate energy and momentum at a point or on a curve.
Then every D j mm as given in (2.13), being a polynomial in a, b, c, d, can be interpreted as creating a superposition of states, each state with n a , n b , n c , n d preons. The (a, b, c, d) population of each of these states is constrained by the triplet (j, m, m ) that allows (n a , n b , n c , n d ) to vary but fixes (t, t 3 , t 0 ) and (N, w, r + o) according to (3.7) and (3.2).
It then turns out that the creation operators for the leptons, D , neutrinos,
, down quarks, D , and up quarks, D , as required by Tables 3.1 and 3.2, are represented by (2.13) as the following monomials
so that leptons and neutrinos are composed of three a-preons and three c-preons, respectively, while the down quarks are composed of one a-and two b-preons, and the up quarks are composed of one c-and two d-preons. Both (4.1), with (3.13), and (4.2) are in agreement with the Harari-Shupe model.
The previous considerations are based on electroweak physics. To describe the strong interactions it is necessary according to the standard model to introduce SU(3).
In the SLq(2) electroweak model, as here described, the need for the additional SU (3) symmetry appears already at the level of the charged leptons and neutrinos since they are presented in the SLq(2) model as a 3 and c 3 , respectively. Then the simple way to protect the Pauli principle is to make the replacements leptons: (3), as required by the standard model.
Complementarity
The representation of D j mm as a function of (a, b, c, d) and (n a , n b , n c , n d ) by Equation (2.13) implies the following constraints on the exponents:
The two relations giving physical meaning to D 
and by (5.5) one has t = 1 6 (n a + n b + n c + n d ) (5.9)
In ( By Equations (5.6)-(5.8) and Table 5 .1,
and by Equations (5.9)-(5.11) with Table 5 .2,
Here we have introduced the "quantum rotation"r:
Since r = 0 for preons,r
For the elementary fermions presently observed,
The quantum state D j mm may be described either as a knotted field (N, w,r) composed of preonic flux tubes according to (5.12)-(5.14), or as a composite particle (t, t 3 , t 0 ) composed of fermionic particles according to (5.15)-(5.17).
The representation of the four trefoils as composed of three overlapping preon loops is shown in Figure 5 .1. In interpreting Figure 5 .1, note that the two lobes of all the preons make opposite contributes to the rotation, r, so that the total rotation of each preon vanishes. When the three a-preons and c-preons are combined to form leptons and neutrinos, respectively, each of the three labelled circuits is counterclockwise and contributes +1 to the rotation while the single unlabeled shared (overlapping) circuit is clockwise and contributes −1 to the rotation so that the total r for both leptons and neutrinos is +2. For the quarks the three labelled loops contribute −1 and the shared loop +1 so that r = −2. One may view the symmetry of an elementary particle, defined by representations of the SLq(2) algebra, in any of the following ways: (1, 0, 1) (3, 2, 1)
The preons conjectured to be present at the crossings are not shown in these figures. , and |n is replaced by |0 , the ground state of the algebra.
Instead of the matrix (6.4) we consider only the following form factor for the preon-preon interaction as mediated by the preonic vector:
The rescaling factors (6.5) and (6.6) may also be parametrized by q and β and γ, the eigenvalues of b and c on |0 .
Composite Leptons, Neutrinos, and Quarks
Although the masses and interactions of the composite leptons, neutrinos, and quarks can be expressed in terms of the knot parameters, q, β, γ, it may be possible to obtain a more detailed description of the these 12 particles as the three preon structures that are schematically pictured as in Figure 7 .1.
The topological diagrams in Figure 5 .2 may be shrunk into the effectively trian- Then we have Table 7 .1 describing form factors for the two body forces. =ā(ad + bc)a neutrinos c 3 c − cD
The operator form factors may all be reduced by the algebra (A) to functions of bc and q. If one then reduces these operators by setting
and thereby replacing SLq(2) by SUq(2), one finds that the strength of these bonds depends on the values of q andbb.
Within the SLq(2) kinematics there are several options in constructing an effective Hamiltonian for the three body structures that represent the leptons, neutrinos, and quarks. These possible three body Hamiltonians permit electric, magnetic, gluon, and gravitational forces, but the model, as here described, only allows these forces as mediated by the preonic adjoint field and therefore proportional to the form factors in In order to achieve an adequately strong binding at very short range, it is impor-tant that the parameters (q, β, γ), determining the strength of the form factors, and the factor coming from the Higgs scalar, determining the range of the Yukawa potentials, be themselves sufficiently large. The magnitude of these parameters in turn depends on their physical meaning, which we now briefly consider.
8 A Possible Physical Interpretation of the SLq (2) Algebra and of the Deformation Parameter q
In an earlier work, 5 an implicit connection between the SLq(2) algebra and the 2d
projections of the classical 3d-knots was made through the matrix
which is invariant under the following transformation
where the elements of T define the SLq(2) algebra and where ε q underlies the Kauffman algorithm for associating the Kauffman polynomial with a knot.
5
In Equation (2.2) of the present paper, ε q is replaced by
Then the SLq(2) algebra (A) is again generated by (8.2) but with Then (8.3), restricted by (8.5), is equivalent to (8.1) and the knot model may be based on either ε or ε q . By taking advantage of the fact that ε is a two-parameter matrix while ε q depends on only a single parameter, however, one may describe a wider class of physical theories with ε. If the physical situation that the theory is being asked to describe is characterized by two interacting gauge fields, with two charges, g and g , on the same particle, one may attempt to give physical meaning to q, and gain a possible improvement in the model by embedding g and g in ε as follows
where g(E) and g (E) are energy dependent coupling constants that have been normalized to agree with experiment at hadronic energies.
Then q is defined by (8.8) and (8.4) as
If (8.5) is also imposed, then
which is like the Dirac restriction on magnetic poles:
In the electroweak knot model it is argued that the electroweak experimental data suggest an SLq(2) extension of the standard model. To the extent that this view is correct it appears that the sources of the electroweak field are knotted, but the possible physical origins of the additional "knot" degrees of freedom have not been identified.
A possible origin of the "knotting" is the deformation of the electroweak SU(2)×U (1) structure by SU(3). Since the leptons and neutrinos, appearing as a 3 and c 3 particles in the SLq(2) model, have already been given SU(3) indices to protect the Pauli principle, the gluon field is implicit in this model and a possible interpretation of (8.8) is then (g , g) = (e, g) or (g, e), where g is the gluon charge, and e is an electroweak coupling constant.
Then (8.10) would become eg = c, (8.12)
Since g and e are running coupling constants, the SLq(2) parameter q, which is , is also a running and dimensionless coupling constant. If e increases with energy and g decreases with energy according to asymptotic freedom, q may become very large or very small at the high energies where the interaction and mass terms become relevant for fixing the three particle bound states representing charged leptons, neutrinos, and quarks. Although there is currently no experimental data suggesting the interpretation of q as the ratio of an e and a g, such a relation (resulting from a possible physical interpretation of the otherwise undefined matrix ε in (8.8)) could be explored since e, g and q can be independently measured.
Bound Preons
A major uncertainty in these realizations of the knot model lies in the unknown values of the Higgs factors and more fundamentally in the nature of the Higgs fields and their relation to the gravitational field.
It is not possible to construct a more predictive SLq(2) modification of the standard model until the Higgs factor, as well as q and β, are understood. Finally, the models discussed here resemble familiar composite particles like H 3 , but it is possible that the H 3 example is not appropriate and that the preons are always bound. In this case the preons may not have an independent existence but may be particular field structures, or elements of larger field structures, carrying no independent degrees of freedom. In the SLq(2) model described here the elementary fermions are three-preon composite particles bound by a trefoil field structure. It is possible to assume that the trefoil field structure is a trefoil flux tube carrying energy, momentum, and charge and that energy, momentum, and charge are concentrated at the three crossings. It is then possible to regard these three concentrations of energy, momentum, and charge at the three crossings as actually defining the three preons without postulating their independent existence with independent degrees of freedom. Since the number of preons in any composite particle is always equal, in the SLq(2) model, to the number of crossings (by (5.6)), this view of the preons as tiny solitonic regions of field surrounding the crossings holds for all composite particles considered here. This view of the elementary particles as lumps of field is sometimes described as a unitary field theory and has also been examined in other solitonic contexts.
